analysis 14 yields the bounds°m ax¸°¸°min where, to rst order in the small ±,°m ax;min ¼ r
analysis 14 yields the bounds°m ax¸°¸°min where, to rst order in the small ±,°m ax;min ¼ r
Again, these quantities will be more sensitive if the moments of inertia are close than if they are widely spaced. For a vehicle with nominal inertias satisfying I 1 D 2I 3 and I 2 D 1:5I 3 , and the 1% normalized inertia perturbations considered earlier, arctan°can vary from 31.8 to 38.7 deg, a total range of 6.9 deg. Using Eqs. (13) and (14) together allows the possible variations in absolute separatrix directions to be quanti ed as a function of the inertia error bound ±, thus providing the desired insight into sizing ±y as a function of ±.
Conclusions
This Note has derived a design procedure that prevents a spacecraft with a stuck-on thruster from experiencing a large net linear accelerationand, hence, a signi cant perturbationto its orbit. It was shown that such an acceleration is most likely to arise for a thruster that generates a torque that is nominally about the intermediate axis of an asymmetric vehicle, but that is in reality slightly offset from it. The simple technique that was developed to avoid this makes use of a small shift in thruster position. Expressions were derived to allow this shift to be sized to produce robust results despite small uncertainties in the geometry and mass properties of the vehicle.
I. Introduction
P OSITIVE position feedback (PPF) control was introduced by Goh and Caughey in 1985 to control vibrations of large exible space structures. 1 A PPF controller has several distinguished advantagesas compared to then widely used velocity feedback control laws. It is insensitive to spillover, 2 where contributions from unmodeled modes affect the control of the modes of interest. 3;4 As a second-order low-pass lter, a PPF controller rolls off quickly at high frequencies and is well suited to controlling the lower modes of a structure with well separated modes. 3;5 Because of these advantages, PPF controller along with smart materials, in particular PZT (lead zirconatetitanate) type of piezoelectricmaterial, has been applied to many exible systems to achieve active damping. 6¡9 The design of a PPF controller requires the natural frequency of a structure. In practice, the structural natural frequency may not be known exactlyor it may vary with time. When the frequencyused in the PPF controller is different from that of the structure, the performance of the PPF control will adversely affected. Despite that PPF control is widely researched in literature, robustness study of PPF control when natural frequency is inexactly known is not reported. This motivates the authors to conduct experimental study of robustness of PPF control in active vibration suppression of a smart exible structure.
II. PPF Control
PPF control requires that the sensor is collocated or nearly collocated with the actuator. In PPF control structural position information is fed to a compensator. The output of the compensator, magni ed by a gain, is fed directly back to the structure. The equations describing PPF operation are given as
where » is a modal coordinate describing displacement of the structure, is the dampingratio of the structure,! is the naturalfrequency of the structure, G is a feedback gain,´is the compensator coordinate, c is the compensator damping ratio, and ! c is the frequency of the compensator. For the closed loop being stable, 0
To illustrate the operation of a PPF controller, assume a single degree-of-freedomvibration of the beam in the form of
the output of the compensator at the steady state, provided the closed-loop system is stable, will bé 
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In Eq. (4), the phase angle Á is given as
When the structural modal frequency is much lower than the compensator natural frequency, the phase angle Á approaches zero according to Eq. (5). Substituting Eq. (4) with Á = 0 into Eq. (1) results in
It is clear from Eq. (6) that the PPF compensator in this case results in the stiffness term being decreased, which is called active exibility. When the compensator and the structure have the same natural frequency, it can be derived from Eq. (6) that the phase angle Á
Equation (7) shows that the PPF compensator in this case results in an increase in the damping term, which is called active damping.
When the structure frequency is much greater than that of the compensator, the phase angle Á approaches ¼ .
It is clear that from Eq. (8) that the PPF compensator in this case results in an increase in the stiffnessterm, which is calledactive stiffness. To achieve maximum damping, ! c should be closely matched to !. Also, any structural natural mode below ! c will experience increased exibility. The effect of the damping ratio c is discussed as follows. Larger values of the damping ratio c will result in a less steep slope thereby increasing the region of active damping. Figure 1 shows the bode plot for c D 0.5 and for c D 0.1. The difference in the slopes of the phase angle can be easily seen. A larger value of c ensures a larger region of active damping and therefore will increase the robustness of the compensator with respect to uncertain modal frequencies. However, it is expected to result in slightly less effective damping and result in increased exibility at lower modes as a tradeoff. 
III. Experimental Setup
A schematic of the equipment setup for vibration control using PPF is shown in Fig. 2 . A cantileveredaluminum beam (its properties are shown in Table 1 ) is used as the object for vibration control. The beam has a PZT sensor and three PZT actuators. The PZT sensor actually consists of a pair of PZT patches, one on each side of the beam. Each PZT actuator also consists of a pair of PZT patches, one on each side of the beam. The PZT sensor can be considered nearly collocated with PZT actuator 1. Properties of the PZT are shown in Table 2 . The aluminum beam is clamped such that its length was parallel to the granite table below it. This allowed the bending to be strictly in the horizontal plane. A digital control system, called Modular Control Patch, is used to implement vibration suppression algorithms. It uses a TMS320C30 microprocessor. A digital data acquisition system using a TMS320C40 digital signal processor was used to record the experimental data.
IV. Experimental Procedure
Both open-and closed-loop tests were performed. All tests were started by manually exciting the beam. This was a simple and an effective method to excite the beam. For single-mode vibration suppression tests can be run with either all three actuator operational,or only the rst actuator operational. For multimode suppression only the rst PZT actuator was used. Because of modal shapes for the higher modes of the exible beam, the second and the third actuators adverselyimpact damping of highermodes when the feedbackstrain information from the only PZT sensor is used. It is clear from Fig. 2 that the PZT sensor is not collocated or near collocated with these two actuators. For each test data were recorded for a time interval of 15 s after beam excitation. This allowed ample time to measure damping effects.The experimentaldata were then processedto show effectiveness of the tested control algorithm. A fast Fourier transform was performed to provide a power spectral density (PSD) plot of the beam response. PSD gives a measure of signal energy level at different frequencies. A comparison of the ratios of the last-second modal energy level in decibels to the initial one provides an indication of the damping effectiveness on this particular mode. Also, a direct comparison of the modal energy level drop with that of an open-loop response can indicate the effectiveness of the control algorithm. Figure 3 shows the PSD plots for a multimode open-loop vibration. The solid line is for the rst second of the 15-s test and the dashed line for the last second. A program was written to identify the modes excited and to compute the difference between the initial and nal energy level in the decibel unit at the identi ed modal frequencies. The following data show energy level drops in decibels for the rst four modes in the 15-s free vibration: rst mode (1.33 Hz), 9.52 dB; second mode (7.1 Hz), 22.38 dB; third mode (19.0 Hz), 48.98 dB; fourth mode (38.2 Hz), 61.94 dB. It is clear that vibrations of the third and fourth modes quickly damp out. The rst and second modes become the major concern for vibration suppression.
V. Experimental Robustness Study of PPF in Single Mode Vibration Suppression
One of the documented drawbacks of PPF is that its design requires the knowledge of modal frequency. If the targeted frequency is alteredor is simply miscalculated,PPF dampingwould be severely affected.To test the robustness of PPF with respect to the modal frequency, experiments of PPF with inaccurate modal frequency from 25 to 400 % of the nominal value were conducted.Experiments with different value of c were also tested. Three values were used for c : 1, 0.5, and 0.25. This set of experiments was carried out to study the impact of compensator damping ratio on compensator robustness and on possible increased exibility at lower modes. From the analysis in Sec. II, increasing the value of the damping ratio will provide a wider frequency range for active damping, but it is expected that its effectiveness at the target frequency will be reduced.
In these experiments only PZT actuator one is used along with the PZT sensor. The PPF controller employs G D 0:086.
The experimental results of suppression of rst modal vibration using the PPF control are plotted in Fig. 4 . In this gure the percentage values indicate percentage increase of the modal energy drop in decibels with PPF control as compared to that in the case of free vibration. It can be seen from this gure that the robustness increases as c is increased. This is as expected. The effectiveness of the PPF at the target frequency of 1.3 Hz was only slightly reduced when changing damping ratio from 0.25 to 1.0. This observation recommends using higher value of c in the PPF compensator design to achieve robustness because effectiveness at the targeted mode will not be much affected by a higher c . PPF control showed positive damping on all frequencies tested but dropped off rapidly when going below 75% of the targeted frequency or 200% above it. Overall, PPF control is robust to modal frequency variations. In addition, increased exibility was not measurable even at 300% above the fundamental frequency. An optimal c for a given structure would depend on how accurate the modes are known and how much they would be expectedto change, but a c of at least 0.5 should be chosen for robustness.
VI. Experimental Robustness Study of PPF in Multimode Vibration Suppression
PPF controls were tested for multimode vibration suppression. Two PPF lters are used. The rst PPF lter targeted the rst mode, and the second PPF lter targeted the second mode. The two PPF lters are in a parallel connection. Only actuator 1 along with the senor is used. Experiments were conducted to investigate the robustness of this type of controller. Table 3 shows the test results. In this table the percentage values indicate percentage increase of the modal energy drop in decibels with PPF control as compared to that in the case of free vibration. c D 0:5 is used for both lters. For the rst lter G D 0:086, and for the second lter G D 0:003. Both compensator frequencies are moved progressively higher than the targeted natural frequency. As seen from the table, the rst mode damping falls off much quicker than the second mode. Part of the reason for this is the increased stiffness region of the rst lter is moving closer to the second mode, thereby helping to increase the damping effect. Just as in the single PPF case, the PPF combination shows good robustness for both modes. These results suggest that along with being robustthe two PPF lter combinationis effectivein damping multiple modes over a range of frequencies.A PSD plot for the same controller graphicallyillustratingdamping effectivenessis shown in Fig. 5 .
VII. Conclusions
This research presents the experimental results robustness study of vibration suppression of a exible structure using PPF control. The exible structure is a cantilevered beam with PZT sensors and PZT actuators. PPF controls were implemented for single-mode vibrationsuppressionand for multimode vibration suppression.Experiments found that PPF control is robust to frequency variations for single-mode and for multimode vibration suppressions.
Introduction
T HE fuel-optimal rendezvous problem for a spacecraft with a satellite in a central force eld has been the subject of several papers 1¡6 in the last decade. In this Note we address the rendezvous problem of a spacecraft with a moon, comet, or asteroid (whose gravitational eld is not negligible) in the central force eld of a (large) third body. In this setting we derive reduced equations for the motion of the spacecraft in the vicinity of the smaller body (moon) in three dimensions. We present a generalization, under some restrictions, to the Jacobi integral. 7 Clearly the problem we consider here is closely related to the restricted three-body problem in two dimensions, 7;8 which deals with the motion of a body of negligible mass in the gravitational eld of two other celestial bodies. However in this setting all three bodies are assumed to remain always in one plane.
To put our results in proper perspective, we note that Edelbaum 9 made one of the rst attempts to address the rendezvous problem between a spacecraftand a satellitein a near circularorbit. A simpler model was derived by Clohessy and Wiltshire, 10 whose equations can be found now in books on orbitalmechanics. 4 Carter and Humi, 1 Humi, 2 and Carter and Brient 3 found some analytical solutions for the rendezvous problem when the satellite is in a general Keplerian orbit and derived a generalization 2 of these equations in the presence of a general central force eld. Currently an effort is under way to include the effect of drag (linear and quadratic) in the rendezvous equations. 6 (For a more extensive list of contributions to the rendezvous problem, see the reference lists in Refs. 1 and 6).
